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ABSTRACT
Shell galaxies are understood to form through the collision of a dwarf galaxy with an elliptical galaxy. Shell structures
and kinematics have been noted to be independent tools to measure the gravitational potential of the shell galaxies.
We compare theoretically the formation of shells in Type I shell galaxies in different gravity theories in this work
because this is so far missing in the literature. We include Newtonian plus dark halo gravity, and two non-Newtonian
gravity models, MOG and MOND, in identical initial systems. We investigate the effect of dynamical friction, which
by slowing down the dwarf galaxy in the dark halo models limits the range of shell radii to low values. Under the same
initial conditions, shells appear on a shorter timescale and over a smaller range of distances in the presence of dark
matter than in the corresponding non-Newtonian gravity models. If galaxies are embedded in a dark matter halo, then
the merging time may be too rapid to allow multi-generation shell formation as required by observed systems because
of the large dynamical friction effect. Starting from the same initial state, in the dark halo model the observation of
small bright shells should be accompanied by large faint ones, while for the case of MOG, the next shell generation
patterns iterate with a specific time delay. The first shell generation pattern shows a degeneracy with the age of the
shells and in different theories, but the relative distance of the shells and the shell expansion velocity can break this
degeneracy.
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1. INTRODUCTION
Studying dynamics of giant elliptical galaxies is diffi-
cult because we lack kinematic tracers at large radii,
where there is almost no way for a direct measure-
ment of the gravitational potential (Richtler et al. 2008;
Samurovic´ 2014; B´ılek et al. 2015). Shell galaxies are el-
liptical or S0 galaxies surrounded by faint arc-like struc-
tures made of stars. Merrifield & Kuijken (1998) used
shell kinematics to measure the potential of shell galax-
ies. Ebrova (2013) used the shell kinematics to recon-
struct the parameters of the potential of the shell galax-
ies from the simulated data and extended its usage as an
independent tool to determine the distribution of dark
matter in these galaxies up to radii ≈ 100 kpc. B´ılek
et al. (2013, 2014a, 2015) pioneered the field by using
these systems as a powerful tool to constrain MOdified
Newtonian Dynamics (MOND) on galactic scales. In
addition, observational evidence for the action of dy-
namical friction that is due to the expansive dark mat-
ter halos surrounding galaxies has been suggested as a
powerful test for the existence of dark matter (Kroupa
2015).
Shell galaxies were reported for the first time in the
Atlas of Peculiar Galaxies by Arp (1966). Malin (1977)
and Malin & Carter (1980) discovered shells in a sub-
stantial fraction of early-type galaxies by applying new
photographic techniques. Malin & Carter (1983) pub-
lished a catalog of 137 shell galaxies in the ESO/SRC
Southern Sky Survey. Wilkinson et al. (1987) and Prieur
(1990) categorized shell galaxies into three different mor-
phological types: axially symmetric shell systems inter-
leaving in radius are classified as Type I. They are the
simplest systems to study analytically. Type II includes
randomly distributed arcs all around a rather circular
galaxy. Irregular and complex structure of shells are of
Type III.
The formation process of shells was widely investi-
gated in the 1980s, e.g. by Schweizer (1980), Fabian
et al. (1980), Williams & Christiansen (1985), and
Thomson & Wright (1990). Among other proposed for-
mation models, shell systems are dominantly accepted
to be remnants of minor mergers of dwarf galaxies (the
secondary) with an elliptical (the primary) as the host
galaxy. Tidal forces within the host cannibalize the
dwarf after the encounter, while the host remains intact.
Detached stars from the dwarf generate density waves
in the primary and form the shell system. Simulations
based on the merger model were first made by Quinn
(1984) and were followed by Dupraz & Combes (1986,
1987), Hernquist & Quinn (1987, 1988, 1989), and most
recently by, e.g. Ebrova et al. (2012) and B´ılek et al.
(2014b).
In this study, we use the simplified model of the Type
I shell system as the consequence of a radial impact of
a dwarf galaxy in the fixed spherically symmetric grav-
itational potential of the massive host galaxy. In this
picture, which is consistent with the abovementioned
simulations, the incoming galaxy is released from rest
to move radially toward the host galaxy from a cer-
tain initial distance. Its motion can be described as
a damped oscillator around the center of the primary,
which releases a part of its mass when it passes through
the center. The released stars are assumed to oscillate
freely in the gravity of the host galaxy, so the surface
brightness increases near the turning points, where the
stars spend more time and the shell system is generated.
If the dwarf survives after its first passage, the core rem-
nant continues oscillating, and further passages lead to
the next shell generations. Movement of the core within
the massive host is affected by dynamical friction, the
overall gravitational effect of the host mass, which grad-
ually slows the motion of the secondary down. Thus, the
matter content of the primary plays an important role
in the motion of the secondary and for the array of the
next generations of shells. In modified gravity theories,
the effect of dynamical friction is less important because
in comparison with the dark matter models, the amount
of matter is much smaller.
The aim of this study is to investigate the character-
istics of shell patterns and possible differences between
them in different gravity theories for the identical initial
systems because a study like this is so far missing in
the literatue. We verify the power of shell kinematics in
model distinction and testing the fundamental physics.
In this work, shell formation in the standard dark mat-
ter scenario is compared with the two alternatives to
the dark matter paradigm: (a) MOdified Gravity (here-
after MOG) as a modification to the General Relativ-
ity (GR), and (b) MOND. The paper organization is as
follows. In Section 2 we briefly introduce the gravity
theories that we compare. The theory of shell forma-
tion and expansion is discussed in Section 3. In Section
4 we compare the motion of the incoming galaxy and
the resulting shells in dark matter or modified gravity
theories and introduce some probes that can be used to
distinguish between various gravitational models. Our
conclusion appears in Section 5.
2. MODELS OF THE DYNAMICS OF GALAXIES
Dark matter haloes within and around the galaxies
are introduced to interpret the rotation curves of spi-
ral galaxies and velocity dispersion of elliptical galax-
ies (Bertone et al. 2005). On the scales of galaxies, there
are alternative models of modified gravity, such as MOG
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and MOND, and also nonlocal gravity models (Hehl &
Mashhoon 2009; Blome et al. 2010; Mashhoon 2017) to
explain the dynamics of galaxies without dark matter.
Rotation curves of many disk galaxies (Haghi et al. 2016)
including solar system constraints (Hees et al. 2015)
have been studied to test the MOND theory. In this
paper, we study the formation of shell galaxies, which
are suitable systems for observational tests of modified
gravity in comparison with dark matter models. In this
section, we introduce the model of the dark matter halo
of galaxies and its alternatives, MOG and MOND.
2.1. Dark Matter Halo
The host galaxy, a typical elliptical, is modeled as a
luminous homogenous sphere of 5 kpc radius, and the
dark matter contribution to the potential is modeled
with a spherical virialized halo surrounding the stellar
mass of the primary. We choose the NFW density profile
that Navarro et al. (1997) proposed for describing the
cold dark matter (CDM) haloes of galactic structures
(see also Kroupa et al. 2010). Given the critical density
of the Universe, ρ0, the halo density at distance r from
the center is defined by
ρNFW(r) =
δcρ0
r/rs (1 + r/rs)
2 , (1)
where the characteristic radius rs and the parameter δc
are defined by the total mass of the halo. The mass
within a certain radius is obtained by integrating the
density over the volume,
M(r) = 4piρ0δcr
3
s
[
1
1 + r/rs
+ ln (1 + r/rs)− 1
]
.
(2)
The virial mass of the halo, the total mass within the
virial radius, rvir, is defined as
Mvir =
4pi
3
∆virρ0r
3
vir, (3)
where ∆virρ0 is equal to the critical density at which
matter overcomes the cosmic expansion and collapses
into a virialized halo. The value of ∆vir for the local
universe (redshift equal to zero) is approximately equal
to 104.2 for ΛDCM cosmology according to Dutton &
Maccio` (2014). Introducing the concentration parame-
ter cvir = rvir/rs and setting r = rvir in Equation (2),
the parameter δc is obtained as
δc =
∆vir
3
c3vir
ln (1 + cvir)− cvir/(1 + cvir) . (4)
The relation between cvir and Mvir in the local universe
is obtained from simulations (Dutton & Maccio` 2014) as
log10(cvir) = 1.025− 0.097 log10
(
Mvir
1012h−1M
)
. (5)
Table 1. Dark and luminous matter properties of
the model elliptical galaxy.
Models Mb rb Mvir rvir
(M) (kpc) (M) (kpc)
Halo model A 5× 1011 5 1013 568
Halo model B 1011 5 1012 264
MOG 1011 5 ... ...
MOND 1011 5 ... ...
Note—Mb and rb are the total baryonic mass and
radius, respectively. Mvir is the total halo mass
within rvir, the virial radius of the dark halo.
To achieve the goal of this study, which is to compare
the theories under the same conditions, we completely
focus on the theoretical expectations of each model, in-
stead of using observational data. To model the dark
matter halo of an elliptical galaxy, we use the Illustris
cosmological simulation, which is based on ΛCDM Cos-
mology. The contribution of the total baryonic mass
in this simulation is derived from Figure 1 of Haider
et al. (2016). Using the curve labeled as ”Illustris, total
baryons,” for a structure with a given total halo mass,
one can define the baryonic fraction of the structure. We
choose two different masses for the dark matter halo to
model the host galaxy. The characteristics of the models
are described in Table 1.
2.2. Modified Gravity (MOG)
MOG has been proposed by Moffat (2006) to explain
galactic dynamics using the existing baryonic matter.
Being a covariant extension of GR, this model is de-
rived from the action principle that introduces two scalar
fields and a vector field in addition to GR fields. The
effective potential in the weak-field approximation of
MOG is a combination of a strong Newtonian-like at-
traction and a Yukawa-like repulsive term with two ad-
ditional parameters α and µ (Moffat & Rahvar 2013).
For a nonrelativistic test-mass particle in the distribu-
tion of matter ρ(r), the gravitational acceleration a(r)
is equal to
a(r) =−G
∫ R
0
ρ(r ′)
(r − r ′)
|r − r ′|3 × (6){
1 + α− αe−µ|(r−r ′)| (1 + µ|(r − r ′)|)
}
d3r ′.
4 Vakili et al.
For large scales compared to µ−1 the gravity is (1 + α)
times stronger than the Newtonian case, while for small
scales, Newtonian dynamics is fully established.
This model has been successful in describing galactic
rotation curves. Moffat & Rahvar (2013) fit theoreti-
cal rotation curves of galaxies to observational data and
found the best-fit values for the free parameters to be
α = 8.89 ± 0.34 and µ = 0.042 ± 0.004 kpc−1. We use
the same values in this paper as the universal model
parameters. In addition, MOG has been shown to be
consistent with ionized gas and temperature profiles of
nearby clusters obtained by the Chandra X-ray telescope
(Moffat & Rahvar 2014).
2.3. Modified Newtonian Dynamics
MOND is another alternative to the non-baryonic
dark matter proposed by Milgrom (1983). Based on
MOND, gravity or inertia does not follow the prediction
of Newtonian dynamics for accelerations smaller than
a specified threshold of a0 ≈ 1.2 × 10−10 m s−2. For
the case that the acceleration of a test-mass particle
in the gravitational field is slower than the characteris-
tic acceleration of the theory, a0, the acceleration is re-
lated to the Newtonian acceleration aN by a =
√
a0aN.
This regime is called ”deep-MOND”. In the interme-
diate range, the interpolating function µ(x) describes
the transition from the Newtonian gravity to the deep-
MONDian regime:
aN = aµ(a/a0), (7)
where the standard form is
µ(x) =
x√
1 + x2
. (8)
The model recovers the Newtonian gravity for large ac-
celerations in the strong-field regime.
Since its proposal in 1983, MOND succeeded in in-
terpreting many observations without invoking the ex-
istence of dark matter. The most prominent observa-
tional pieces of evidence of MOND are galactic rota-
tion curves, e.g. Begeman et al. (1991), the Milgromain
dynamics tests for the space-time scale-invariance (Mil-
grom 2009), the baryonic Tully-Fisher relation, and the
mass discrepancy-acceleration relation (McGaugh 2004;
Wu & Kroupa 2015), or alternatively, the radial acceler-
ation anomaly (McGaugh et al. 2016; Lelli et al. 2017).
For a major review see Famaey & McGaugh (2012).
3. THEORY OF SHELL FORMATION
The theories of the formation of shell galaxies can be
categorized into three classes. The first one includes the
gas dynamical theories proposed by Fabian et al. (1980),
which connect the star formation and the formation of
shells. However, these theories are ruled out by obser-
vations and are commonly not considered. The second
class is the weak-interaction model introduced by Thom-
son & Wright (1990). In this model, a weak interac-
tion of a thick-disk population of dynamically cold stars
with another galaxy induces density waves and forms the
shells. Although it has nice explanations for shells, this
model has some deficiencies and obscurities (see Ebrova
2013 for more details on these models). Finally, the
most widely accepted theories for shell formation are
the merger models that came from the idea of Schweizer
(1980). According to these models, shells are the con-
sequence of the encounter of two galaxies. The stars
that formerly belonged to the smaller galaxy become
trapped into the potential of the host galaxy after the
collision and start to oscillate freely around the center
of the host. Shells appear near the apocenters of the
oscillating stars, where the surface brightness increases
as a result of the rise in the number density of the stars.
The details depend on the morphology of the colliding
galaxies and on the collision conditions. A nearly radial
merger along the major axis of the primary generates
shells as parts of spheres that are interleaved in radius.
These shell systems are classified as Type I (Hernquist
& Quinn 1988, 1989). See B´ılek (2016) for a detailed
review of the other types.
The time evolution of the Type I shell system can
be described analytically, so they can be used to con-
strain the potential of the host galaxy. In general, the
first passage of the dwarf releases a fraction of its stars
that oscillate freely in the potential of the host, forming
the first-generation shells. Subsequent passages of the
secondary each time release more stars. The second pas-
sage, for example, forms a second-generation shell sys-
tem. As the shells are the locus of the same-phased stars
at their turning points, Hernquist & Quinn (1987) used
the relation between the position of the nth ordered shell
from, e.g., the first generation, rn, at any given time af-
ter the encounter with the host gravitational potential,
φ, approximately as
t(rn) =
(
n+
1
2
)
P (rn), (9)
where n starts from 1 and P (rn), the half-period of the
stellar motion, is given by
P (rn) =
√
2
∫ rn
0
dx√
φ(rn)− φ(x)
. (10)
We use the approximate statement by Dupraz & Combes
(1986) that the velocity of the stars in a shell is equal
to the phase velocity of the shell, which is the evolution
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Figure 1. Schematic stellar trajectories depicting shell for-
mation and expansion after the encounter. Dwarf stars leave
their host at time 0 and oscillate freely in the elliptical galaxy
potential. Near their apocenters, where the stars spend more
time, the surface brightness increases and shells of different
order are generated. The shells implied here are all from the
first-generation system. For further discussions see Sections
3 and 4.3.
of the position of each turning point during time. Thus,
the expansion velocity of a shell is approximately equal
to
vn =
[(
n+
1
2
)
dP (rn)
dr
]−1
. (11)
The use of this equation is accurate enough to study
shell kinematics according to Table 2 of Ebrova et al.
(2012).
Observations of shells in a shell galaxy exhibit a snap-
shot of what happens in the shell formation process.
Equations (9)-(11) show that the distance between the
shells and the shell expansion velocity depend only on
the gravitational potential of the host galaxy. Thus, the
size, separation, and pattern of the shell structure and
the shell expansion velocity will differ for different grav-
itational theories.
Following the stellar trajectories in the primary’s grav-
itational potential after they left the secondary, we de-
termine the shell structure generated by the collision.
Assuming the Newtonian gravity (halo model A in Table
1), Figure 1 schematically visualizes the dwarf star tra-
jectories in the elliptical galaxy gravity and the resulting
shell system for the dark matter halo model. The pro-
cess of shell formation and its properties is clearly shown
in this figure. It can be seen that the concentration of
stars increases near the apocenters, where the shells are
time after the first encounter
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Figure 2. Schematic shell radii after the encounter. Dashed
red lines show the theoretically possible shell positions with
no limit on stellar kinetic energies. Solid lines are the visible
part of the shells considering the distribution of the stars
in velocity. Thus, the solid line parts correspond to stars
with speeds v ± ∆v, while the dashed segments are shells
populated by stars with speeds beyond this interval. For
further discussion see Section 3.1.
formed. The star-orbit turning points do not line up in
the first oscillation and the first shell appears in the next
peak, i.e. in the direction from which the dwarf galaxy
came. As the oscillation continues, the slowest stars
that already formed the first shell leave it to make the
second shell, and the more initially rapid stars replace
them. This leads to the apparent shell expansion that
is approximately described by Equation (11). Measur-
ing the slope of the shell envelopes in this figure yields
the expansion velocity. The outermost shell at any time
consists of the most rapid stars that already completed
three-fourths of their first orbit, and the innermost shell
represents the initially slowest stars with the smallest os-
cillation amplitude. Based on this figure, it can be seen
that all of the properties of the shells can be understood
using the idealized condition that we used.
3.1. Shell Brightness and Velocity
The faster that any star is when it leaves its host dwarf
galaxy (the socondary), the farther it moves away, and
the larger the shell it contributes to form. Thus, the
surface brightness of a shell, determined by the number
density of the stars in that shell, depends on the initial
velocity distribution of its stars. When we assume the
initial velocity of the released stars to have a Maxwellian
distribution around the velocity of the secondary at the
time of passage through the center of the host (v), the
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stellar speeds mainly lie in the range v ±∆v, consider-
ing the velocity dispersion they had in the dwarf before
leaving it (∆v). This will limit the visibility of the large
shells because of the small number density of the stars
beyond this range.
Our goal is to find the positions where shell formation
is possible. Thus, without loosing generality, one can
assume that the energies of the released stars cover a
continuous interval so that the motion of the stars poses
all the possible velocities between zero and infinity and
the shells live forever once they are generated after a pas-
sage. This assumption is compatible with the statement
by B´ılek et al. (2013) and their Figure 3. As in the case
of the limited velocity distribution for the stars, in this
case, one has to keep in mind that the surface bright-
ness of the shells should vary in time because the initial
velocity distribution of the stars is not uniform. Accord-
ing to simulations, the surface brightness profile of the
shells depends on the original size and velocity disper-
sion of the secondary in addition to the potential of the
primary (Hernquist & Quinn 1988). Figure 2 schemati-
cally shows the effect of the limitaing the initial stellar
velocities in the visibility of shells. The large shells will
fade after a long time and escape from observational ac-
cessibility, although it is theoretically possible for them
to occur. Moreover, the very small shells would not be
visible owing to the small number density of the stars.
Studying the surface brightness profile of the shells in a
quantified manner is beyond the scope of this paper.
4. SHELL GALAXIES IN DIFFERENT GRAVITIES
The characteristics of the shell system that follows
after the encounter of two galaxies depend on the prop-
erties of the collision. For an idealized study, four ele-
ments are effective in the final shell pattern: the model
of the gravitational potential, the mass ratio between
the two galaxies, the mass-loss ratio of the secondary in
each passage, and the initial velocity or equivalently the
initial distance at which the secondary starts its motion
from the rest velosity.
The merger time-scale and the relative encounter ve-
locity depend on the initial distance between the two
galaxies. Moreover, dynamical friction permits the mass
ratio between the elliptical and the dwarf to play an im-
portant role in the formation of shells, especially in the
presence of a dark matter halo. It is hard to deal with
dynamical friction without any numerical simulation.
While there are N -body codes for MOND and LCDM
that enables a more realistic treatment with dynamical
friction, e.g., Teyssier (2002), Lu¨ghausen et al. (2014),
and Oehm et al. (2017), a complete comparison between
the models with the same method is not feasible until we
have such codes for MOG. Meanwhile, it is possible to
do the comparison analytically using the Chandrasekhar
formulation in the symmetric conditions of our study,
which is described in the Appendix, and its validity in
galactic dynamics is verified by simulations. In addi-
tion, the type of shell galaxy or the shape of the shell
pattern are directly related to the impact angle. Type
I shell galaxies result from nearly radial mergers (Hern-
quist & Quinn 1988), thus it is reasonable to assume
head-on collisions to avoid non-symmetric shells. This
approximation is furthermore useful because we aim to
distill the differences in shell patterns under different
description of gravitation.
The most decisive factor is the gravitational potential
of the host galaxy that governs the motion of the sec-
ondary and its stars within the host. The contribution
of gravity cannot be determined explicitly, unless when
we have the initial condition of the impact under con-
trol. In this section, we therefore follow the effect of the
initial conditions on the motion of the secondary until
the end of merging, as well as their effects on the shape
of the shells.
4.1. A comparison between the models
According to Equation (10) the relevant factor that
determines the position of the shells is the gravitational
field of the host galaxy, or equivalently, the acceleration
of the particles in that field. Prior to the analysis of the
shell formation mechanism in different models, it is use-
ful to have a qualitative comparison between the acceler-
ations that the secondary, or its liberated stars, undergo
on their trajectory around the primary. This comparison
between the halo model A, MOG, and MOND, is shown
for a 5 kpc luminous sphere with uniform mass distribu-
tion in the left panel of Figure 3. One interesting point
is that for the smaller scales, comparable to the non-
dark matter scales, the MOND and MOG accelerations
are almost equal and behave like the Newtonian case.
On larger scales in the range between 10 and 100 kpc,
the MOG gravitational field is stronger than the others,
so that the test particle will be more accelerated.
Here we have a brief description for the asymptotic be-
havior of the accelerations in MOG and MOND. In the
gravitational potential of MOG on scales much larger
than the length scale of the theory, µ−1 ≈ 24 kpc, Equa-
tion (6) reduces to the form of a Newtonian gravity en-
hanced by a factor of (1 +α). Thus, in this limit, which
we call deep-MOG, the test particle acceleration behaves
as 1/r2. Moreover, according to Equation (7), the ac-
celeration of a test particle in the deep-MOND regime
changes as 1/r. Defining the characteristic scale of deep-
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Figure 3. Left: acceleration of a test particle in different
models in terms of distance from the center of a 5 kpc uni-
form sphere. Here the mass of the luminous sphere is consid-
ered to be the same as in the halo model A, i.e. 5×1011M.
The halo model A is shown with the red solid line (see the
Table 1), MOG with the black dash-dotted line and MOND
with the blue dashed line. The horizontal dashed line indi-
cates the MOND threshold for acceleration, a0, and the ver-
tical line is the length scale of MOG ≈ 24 kpc. Right: ratio of
the acceleration of a test particle in MOG over MOND in the
gravitational field of two uniformly distributed mass spheres
each with a radius of 5 kpc. The red solid line is calculated
for a total baryonic mass of 5 × 1011M (r0 = 24.33 kpc
in Equation (12)) and the blue dashed line is related to a
1011M mass (r0 = 10.88 kpc in Equation (12)).
MOND as
r0 =
√
GM/a0, (12)
the ratio of acceleration in MOG over MOND is given
by aMOG/aMOND = (1 + α)r0/r. For r < (1 + α)r0,
we would therefore expect aMOG > aMOND and for
r > (1 + α)r0, aMOG < aMOND. The ratio of the ac-
celerations between MOG and MOND is shown in the
right panel of Figure 3 for the two uniform spheres with
different luminous masses. We have this 1/r property
for the ratio of accelerations for r > 30 − 40 kpc, de-
pending on the mass of luminous matter. On shorter
scales (r  (1 +α)r0), we have to take into account the
full acceleration formula for MOG and MOND.
4.2. Dwarf Motion
To find the shell radii at any time, one first needs to
trace the motion of the incoming galaxy, which is re-
leased to move radially toward the host center. This
is done by solving the equation of motion of the dwarf
and the individual stars under certain conditions. The
incoming galaxy moves as a damped oscillator around
the center of the primary and releases a part of its mass
each time it passes through the center of the host galaxy
and forms a new generation of shells. The oscillations
continue until the dwarf loses all its mass or completely
merges with the host and the centers of density coin-
cide. Multi-generation shell structures, caused by mul-
tiple crossings, commonly form in self-consistent simu-
lations (Seguin & Dupraz 1996; Bartosˇkova´ et al. 2011;
Cooper et al. 2011). It has been shown in test-particle
simulations (Dupraz & Combes 1986; Ebrova et al. 2012;
B´ılek et al. 2013) that for a minor merger model, the ob-
served wide range of shell radii requires the shell system
to be formed in several generations. In this study, con-
sistently with the simulations, we choose the dwarf to
lose a part of its mass in every passage and all of the
remaining mass in the fourth transit, such that after
creating four shell generations, dissolution occurs.
Releasing the secondary at rest from different initial
distances, Figures 4 and 5 show the trajectory of the
secondary and its core debris after the first passage and
compare MOG and MOND with the dark matter halo
models A and B, respectively. We let the secondary
start its motion from three different points: the edge,
the inside, and the outside of the dark halo. Figure 4
is related to the halo model A, where the dark mass
is 10 times more massive than in the halo model B. In
this case, where the virial radius of the halo is equal
to 568 kpc, the starting points have been chosen to be
300, 568, and 1000 kpc respectively. For Figure 5 these
distances take the values of 100, 264, and 500 kpc and
the virial radius of the dark halo is 264 kpc.
The mass ratio is defined as q = M∗p/Ms, where M
∗
p
is the baryonic mass of the primary and Ms is the total
initial mass of the secondary. In the first two columns of
the Figures 4 and 5 we compared two different cases for
all models such that q takes the values of 10 and 100. We
also show the results for q → ∞, representing the con-
dition with relatively no dynamical friction in the last
columns. As a consistency check, it has been shown in
the last columns of Figure 4 and 5 that for a dwarf with
sufficiently low mass, the MOG and MOND potentials
act the same for large infall distances, as do the halo
models. This identical behavior of the models on large
scales was expected from comparing the accelerations
in different models, which is demonstrated in Figure 3
(see section 4.1). Owing to dynamical friction in dif-
ferent dark matter halo models, having a more massive
secondary means greater orbital energy loss within the
primary and more slowly released stars, which leads to
a brighter system of small shells on a shorter timescale.
When we only consider the red solid curves that repre-
sent the dark matter halo models in Figures 4 and 5, for
different initial conditions, we can investigate the effect
of the existence of dark mattar in the dwarf galaxy by
comparing the first two columns. As the dwarf galaxy
is assimilated to a point mass in our study, the only im-
portant parameter is the total mass of the dwarf apart
from its distribution. In this case, we assume the lumi-
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Figure 4. Trajectory of the secondary that completely dis-
solves into the primary after four passages. Halo model A is
shown with the red solid line (see the Table 1), MOG with
the black dash-dotted line, and MOND with the blue dashed
line. The motion starts from rest from inside, the edge, and
from outside of the dark matter halo, in the upper, middle,
and bottom panels, respectively. q = 10 refers to the dwarf
with dark matter halo and q = 100 represents the dwarf with-
out dark matter content. In the last column, the dwarf mass
is completely negligible, such that Chandrasekhar dynamical
friction is not operative.
nous mass of the dwarf galaxy to be the same in both
columns, that is, one hundredth of the elliptical galaxy
luminous mass. Therefore, we can translate q = 100
to represent a dwarf without dark matter and q = 10
to a dwarf with a dark matter halo that its dark mass
is 10 times of its luminous mass. Comparison between
these two cases shows that the presence of dark mat-
ter in the dwarf causes faster merging, ending in tighter
shell generations. In the case q = 100 when the second-
generation shells appear, the first-generation shells are
almost old and wide and have faded because of the long
time between the core passage through the center.
4.3. Shell Structure
Shell patterns at any time after an encounter are de-
rived when we follow the oscillation of the released stars
and find the positions where they spend more time, as
shown in Figure 1. The distance between the shell gen-
erations is controlled by dynamical friction, which de-
pends on the initial mass ratio between the dwarf and
the elliptical and the mass-loss ratio of the secondary
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Figure 5. Same as the Figure 4, but with the halo model
B instead of the halo model A. We note that the initial dis-
tances of the secondary in Figures 4 and 5 are different.
in each passage. It is clear from Figures 4 and 5 that
in MOND potential (because the dwarf galaxy moves
through the stellar body of the host), dynamical fric-
tion has a tiny effect on the movement of the secondary
core. However it is larger compared to MOG because of
smaller relative velocity, and strongly influences the mo-
tion in the dark matter halo models. It slows down the
core so that a massive dwarf sinks into the host quickly
and all of the stars generate a bright shell system in only
one or two close passages. In the modified gravity mod-
els, on the other hand, it takes significantly longer for
complete merging to happen, and the shells will be less
bright than in the halo models. Therefore, in the same
encounter conditions of the two galaxies, shells appear
on a shorter time-scale in the presence of dark matter.
In this case, the resulting bright shells are mostly com-
posed of low-velocity stars and so appear over a smaller
range of distances. Higher velocity stars generate large
faint shells. Therefore, the observation of small bright
shells should be accompanied by large faint ones be-
cause dynamical friction dominates in the halo models.
In the case of MOG, the velocity of the core remnant
after the first passage does not decrease much, and the
next shell generations would have a similar velocity dis-
tribution as the first. The first-generation shells repeat
with approximately the same total luminosity and there-
fore decreasing surface brightness since later shell orders
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Figure 6. Patterns of shells in the first generation formed in different models of the gravitational potential for the host elliptical.
(a) Halo model A, (b) halo model B, (c) MOG, and (d) MOND
have larger radii. Successive shell generations, however,
produce dimmer shells because fewer stars are liberated
from the secondary at each passage.
Figure 6 shows the shell structures in the first-
generation shells formed in different models of the
gravitational potential. We assumed that the stellar
velocities take all the possible values from zero to in-
finity (see Section 3.1), therefore the initial conditions
of the impact do not play a role in one-generation shell
patterns. A comparison between the halo models A and
B in Figure 6 shows that the size of the shells in the
dark matter scenario obviously depends on the amount
of dark matter of the primary galaxy, so that this can be
used to estimate the total mass of the dark halo (but not
the dark matter distribution) in the host galaxy. The
appearance times of the the next shell generations in
the presence of dark matter depend on the initial mass
of the dwarf. From the observational point of view,
measuring the integrated surface brightness of the shells
would give the approximate initial dwarf mass before the
encounter and make the dynamical friction calculation
more accurate in case studies. This figure also shows
that there is a degeneracy with time and position in the
first shell generation patterns in the halo model B and
MOG and MOND. The exact shell positions therefore
cannot be used to verify the models without studying
the next shell generations. As we discussed in Section
4.2, the distance of the next-generation shells depends
on the existence of dark matter. Thus, one has to label
a given shell to a specific generation in the observational
data. This is not possible unless when the shell ages are
defined. Even in this case, without knowledge of the ini-
tial distance of the dwarf, MOG and MOND cannot be
distinguished from each other because of the negligible
dynamical friction.
To find a criterion to more easily distinguish between
the models, one needs to employ the dynamics of the
shells as derived from the equation of motion of the stars
in different potentials. The scale-dependent variation of
the accelerations in the different models leads to differ-
ent dynamics of the shells (see Section 4.1). We compare
the evolution of the relative distances of the shells in our
models defined as
∆r
r¯
= 2
(
r − r′
r + r′
)
, (13)
where r and r′ are the shell radii from the center of
the primary galaxy. According to Figure 1 the out-
ermost shell (l+1) always contains the stars that have
completed three-fourths of their period. The stars in
the second shell in the same direction (l+2) have passed
seven-fourths of their oscillation period. The shell l−1 is
the first on the opposite side from the originally incom-
ing dwarf. We show the time evolution of ∆r/r¯ for the
shells in different models in Figure 7 between l+1 and
l+2 in the left panel and between l+1 and l−1 in the right
panel. As we can see in Figure 7, the relative distances
are significantly different between the different gravita-
tional theories for times longer than 2 Gyr after the first
encounter. Thus, measuring the relative distances of the
outer shells on the two sides of the galaxy long enough
after the encounter is a potentially powerful tool to de-
cide which gravity theory has governed the merger pro-
cess. In addition, among the modified gravity theories,
MOG and MOND can be distinguished from each other
via this probe. Being dimensionless and independent of
the distance of the galaxy is the advantage of this probe,
in comparison to the position of the shells.
According to Equation (11), the expansion (phase) ve-
locity of the shells can also be used as a probe to verify
the existence of dark matter or to decide whether it is
necessary to modify the theory of gravity. Figure 8 de-
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Figure 7. Time evolution of the relative distance of shells
(Equation 13) in different models. Halo model A is shown
with the red solid line, halo model B with the purple dash-
double-dotted line, MOG with the black dash-dotted line,
and MOND with the blue dashed line. Left: the first outer
shells in the same direction (l+1 and l+2). Right: the outer
shells in the opposite direction (l+1 and l−1).
picts this quantity for l+1 and l−1 for the first-generation
shells. It shows that an almost constant shell expansion
velocity is the property of MOND, while in MOG and
the dark matter halo models, the expansion velocity de-
creases with time. Moreover, the more massive the dark
matter halo surrounding the galaxy, the faster the ex-
pansion of the shells.
As a practical example, we take the case of NGC
3923, a unique Type I shell galaxy, which is surrounded
by many stellar shells (B´ılek et al. 2016). There are
18 redshift-independent distances in the NASA/IPAC
extragalactic database for this galaxy, with a median
of 20.8 Mpc.1 If we take the typical expansion ve-
locity of the outermost shell for this galaxy to be ≈
100 kpc Gyr−1, the metrical displacement rate of the
shell would be ∆Θ/∆t ≈ 1 mas yr−1. The typical evo-
lution of velocity for this shell would be ∆2Θ/∆t2 ≈
10−11µas yr−2. Ebrova et al. (2012) developed the
usage of the shell spectral line profile to measure the
expansion velocity of the shell. They used an analyt-
ical approach and test-particle simulations to predict
the line-of-sight velocity profile across the shell struc-
ture and showed that spectral peaks are split into two,
giving a quadruple-peaked line profile that enables us to
directly measure the shell expansion velocity.
To compare the model predictions relative distances of
the shells (Equation 13) with observational data, we use
the data of B´ılek et al. (2016). They observed 42 shells
around NGC 3923 with Megacam, which is the highest
number of shells amongst shell galaxies. The summary
1 http://ned.ipac.caltech.edu/cgi-bin/nDistance?name=
NGC+3923
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Figure 8. Model-dependent behavior of the shell expansion
velocity. Lines are the same as Figure 7. Left: The outermost
shell (l+1). Right: The first shell in the opposite direction
(l−1).
of their data for the spatially largest shells is given in
Table 2 and Figure 9. The luminous mass of the halo
model A is 5 × 1011M (Table 1), which is consistent
with the value reported for NGC 3923 by B´ılek et al.
(2013). Halo model A should therefore be valid for the
mass profile when we have dark matter.
According to the merger theory for shell formation,
the shells should be interleaved in radius. Thus, a quick
look at the data reveals that there must be some miss-
ing shells between S2 and S3 and also S3 and S4 in the
northeastern side of the galaxy. Any further analysis for
the largest shells would be possible after observing the
missing shells. However, S2 and S4 are possibly uncer-
tain shells according to their observational prominence,
as are shells S5 and S6. Therefore we consider only the
most prominent data, i.e. S1, S3, and S7, as the certain
shells, as if there were no shells in the other reported
positions. That is we discard shells with prominence
degrees 3 and 4.
Figure 10 shows the model comparison with the data.
The model relative distances are calculated for the first-
generation shells. In the right panel the relative distance
of the largest opposite shells (S1 and S3) are plotted. In
this case, MOG is more consistent with the data. The
left panel shows the relative distance of the two outer-
most successive shells. The radial distance of S1 and S7
is very large such that it is possible for S7 to belong to
another shell generation. Thus, inconsistency with the
models is possible. A possibility is that there should
be an unobserved shell at a distance larger than S7 in
the northeastern side of the galaxy. As a possible can-
didate for this shell we considered S5 and checked the
consistency in the models and the data. MOND is more
consistent for this case. However, for a precise compar-
ison, one should have detailed N -body simulations for
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Table 2. Summary of the Data of the First Seven Shells
observed by B´ılek et al. (2016), Taken from Their Table
2.
Label Radius Prominence Note
(arcsec)
S1 +1170 2 largest
S2 -952 4 highly uncertain
S3 -846 1 narrow
S4 -630 3 irregular, diffuse
S5 +490 3 possibly not a shell
S6 -430 4 highly uncertain
S7 +363 1 ...
Note—Shells lying on the northeastern side of the
galaxy have a positive sign; the shells on the south-
western side of the galaxy have a negative sign. The
prominence degree describes the shell detection cer-
tainty as 1 = prominent and sharp edged, 2 = promi-
nent and diffuse edged, 3 = faint but probably exis-
tent, and 4 = questionable.
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Figure 9. First seven observed shells of NGC 3923. Data
and the underlying photo of the galaxy is adopted from B´ılek
et al. (2016). Left: distances from the center of the galaxy.
Blue dots represent the northeastern shells, and red star
points show the southwestern shells. Right: spatial posi-
tioning of the shells around the galaxy. The labels Si are
explained in Table 2. For a distance of 20.8 kpc, 500′′ corre-
sponds to 49.92 kpc.
each model, deliberating the characteristics of this spe-
cial galaxy.
5. CONCLUSIONS
We have solved the two-body problem of the radial
collision of a dwarf galaxy with an elliptical galaxy until
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Figure 10. Comparing the data of shells of NGC 3923 re-
ported by B´ılek et al. (2016) with the predicted curves of
the relative distances of the same-generation shells in dif-
ferent gravity theories. The panel ordering and the model
lines are the same as in Figure 7. The purple lines show the
observational values assuming S1 is the largest visible shell.
complete cannibalization with the elliptical in different
gravity theories for identical initial systems. During this
collision, we have studied the shell formation process
in order to emphasize shell galaxies as an observational
tool for testing gravity models. We have compared two
dark matter halo models versus MOG and MOND as
modified gravity models without dark matter (see Ta-
ble 1). We showed that theoretically, there exist pa-
rameters based on shell observations that can be used
to distinguish between different gravity theories. We
presented a schematic pattern of the shell structure, in-
cluding the shell positions and apparent shell expansion,
in Figure 1.
The integrated surface brightness of the resulting shell
pattern and the distance between the shell generations
are observables that place limits on the initial conditions
of the merger. Given constraints on the initial condi-
tion, the gravitational potential of the host galaxy can
be uniquely defined by the shell distribution and their
brightness.
Our study of the motion of the dwarf inside the ellip-
tical has shown that Chandrasekhar dynamical friction
strongly affects the merger process in the dark matter
halo models, resulting in compact bright shell genera-
tions soon after the encounter. On the other hand, in
MOG and MOND potentials, in which dynamical fric-
tion is smaller, the shells are dimmer and the time in-
tervals between generations are longer. When the dwarf
mass is negligible such that dynamical friction is not
operative, the motion in MOG and MOND and in halo
model A are almost the same on large scales, while the
halo model B behaves significantly differently (Figures 4
and 5).
In the dark matter halo models, the presence of dark
matter in the dwarf makes tighter shell generations,
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while in the absence of dark matter in the dwarf, the
first-generation shells are old and wide when the second-
generation shells appear. In general, we conclude that
the observation of small bright shells accompanied by
large faint shells could be regarded as a sign of the exis-
tence of dark matter in and around the elliptical. In the
modified gravity theories, we expect the corresponding
shells in terms of patterns to have a self-similarity be-
cause the encounter velocity of dwarf-elliptical does not
decrease much since dynamical friction is smaller. It
should be noted that in all cases, next-generation shells
are commonly fainter because fewer stars are releases
at each passage. We also emphasize that the merging
times may be too rapid if galaxies have dark matter
haloes (Figures 4 and 5) in comparison to the need for
the dwarf to oscillate more than one time to form multi-
generation shells, as suggested by the wide range of shell
radii in observations (see Section 4.2).
Since there is a degeneracy between the shell pattern
with the age of the shell system in one generation, the
initial conditions, and the gravity models, we have intro-
duced the relative distance of the first-generation shells
(Equation 13) to represent differences between different
models. We conclude from Figure 7 that the relative
distance of the first-generation shells on both sides of
the galaxy is the observable parameter to break the de-
generacy and to reveal the underlying gravity theory
sufficiently long after the encounter. The shell expan-
sion velocity (Figure 8) is another observable to clarify
the model differences. We note that the shell expansion
velocity decreases in time in all of the models except for
MOND. While there is dynamical degeneracy between
the dark matter halo models and MOG for spiral and
elliptical galaxies and clusters of galaxies (Haghighi &
Rahvar 2016), the phase velocity of the shells can break
this degeneracy in shell galaxies. Consistency of the
model predictions for the relative distances of the shells
with the data for NGC 3923, considering the uncertain-
ties of our models, has been investigated in Figure 10.
Theoretical assumptions that we used for the en-
counter include a purely radial collision and the proce-
dure for liberating stars from the dwarf at the passage
through the center of the elliptical. Although these as-
sumptions have already been made in previous theoret-
ical studies (e.g. Hernquist & Quinn 1987), test particle
simulations showed deviations from the results assuming
analytical radial motions of the stars and releasing the
particles by switching off the dwarf potential exactly at
the time of passage. This causes a smearing in the final
shell pattern (Ebrova et al. 2012). However, simula-
tions with different spherical potentials by B´ılek (2016)
showed that the shell radii depend only on the potential
of the primary and probably on where the secondary
disrupts. In addition, departures from a radial collision
can change the dynamical friction effect and modify our
analysis (Seguin & Dupraz 1996). Additionally, in mod-
eling the gravity of the host galaxy, we used simplified
assumptions. We assumed a spherically symmetric host
galaxy and so used the full-MONDian acceleration field
and ignored the external field effect in MOND. More-
over, computations of the acceleration in MOG have
been accomplished in the weak-field limit of the theory.
To advance the analysis of comparing different gravita-
tional theories with observation and to quantify detailed
differences, N -body simulations within all gravitational
models with identical conditions are required.
H.V. thanks the Argelander Institute for Astronomy
at the University of Bonn, especially P. Kroupa, for hos-
pitality during the preparation of this work.
APPENDIX
A. DYNAMICAL FRICTION
When a massive particle moves through a large system of much lighter particles, it gradually slows down as the
exchange of energy-momentum that is due to the many gravitational encounters acts like a friction force on it. The
long-range stronger gravity in modified gravity theories makes the same motion at a certain distance from the baryonic
mass of the host, and to a certain degree, mimicks the presence of a dark matter halo. Meanwhile, the dynamical
friction effect efficiently slows down the moving particle as a local force. At long distances from the luminous part of
the host, it is therefore reasonable to take dynamical friction as being non-operative in MOG and MOND. This work
deals with dynamical friction of the satellite as it moves through the dark matter halo of the elliptical in halo models
A and B, and also as it moves within the stellar body of the primary in all galaxy models.
The nonlinear nature of MOND’s field equations makes dynamical friction calculations in this model non-trivial.
Ciotti & Binney (2004) calculated the two-body relaxation time and showed that it is shorter in MOND than in
an equivalent Newtonian system, by the square of the factor by which the gravity is enhanced. Their conclusion was
confirmed by Sa´nchez-Salcedo et al. (2006). Simulations by Nipoti et al. (2008) also showed that for an N -body system
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dynamical friction within the stellar body of a galaxy is significantly stronger in MOND. Furthermore, the dynamical
friction in MOG acts more intensely as the gravitational force is stronger than in an equal Newtonian system with the
same mass.
However, in our calculations in the non-Newtonian models, the incoming galaxy is in the Newtonian regime when it
moves within the stellar body of the host, therefore one can approximately use the Newtonian Chandrasekhar formula
for the dynamical friction (Binney & Tremaine 2008). The validity of the Chandrasekhar formula in galactic dynamics
is investigated e.g. by Cora et al. (1997), Verdes-Montenegro et al. (2010), and Fellhauer et al. (2000). This is also
relevant for the case of MOG, in which the scale of the theory, µ−1 ≈ 24 kpc, is much larger than the size of the model
galaxy.
If the velocities of the stars in the host have a Maxwellian distribution, the Chandrasekhar formula for the deceleration
of the primary, due to dynamical friction from the primary’s stars, with mass m and velocity v is
dv
dt
= Γdf v , (A1)
Γdf ≡−4piG
2ρm
v3
ln Λ
[
Erf(X)− 2X√
pi
e−X
2
]
,
where ρ is the density of the host, X ≡ v/(√2σ) and Erf(x) = (2/√pi) ∫ x
0
e−y
2
dy is the error function. σ is the
velocity dispersion, which for a virialized system of particles with isotropic velocity distribution can be estimated as
σ2 ≈ (GM)/(5R), where M is the mass and R is the characteristic radius of the host. The quantity ln Λ is the
Coulomb logarithm, and its value depends on the problem at hand. For radial motion in Newtonian gravity, we use
ln Λ = ln[(3M)/(5m)] (Aceves & Colosimo 2007).
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